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NON-RATIONALITY OF A THREE-DIMENSIONAL
FANO VARIETY OF INDEX 2 AND DEGREE 1.
MIKHAIL GRINENKO
Abstrat. It is proved that a smooth three-dimensional Fano va-
riety U of index 2 and degree 1 (the double one over the Veronese
surfae) has only the following Mori strutures: U itself, and a
"two-dimensional family" of fibrations Ul → P1 in del Pezzo sur-
faes of degree 1 arising from blow-ups of urves l of genus 1 and
degree 1. In partiular, Bir(U) = Aut(U), U has no strutures of
oni bundle, and U is not rational.
1. Preliminaries.
Let U be a non-singular three-dimensional Fano variety of index 2
and degree 1. It is often alled "the double one over the Veronese
surfae" by the reason given in setion 3. We suppose
Pic(U) = ZH,
where H is the lass of ample divisors with onditions dim |H| = 2,
KV = −2H , and H
3 = 1. Let C be an effetive urve of (arithmetial)
genus 1 and degree 1, i.e., pa(C) = 1 and C◦H = 1, and l the lass of C
in A2(U). Then A2(U) = Zl, [H ]2 = l, and there exists a 2-dimensional
family P of effetive urves of this lass. General elements of P are
non-singular, but P ontains a 1-dimensional sub-family of rational
urves with nodes or usps.
For any C ∈ P, the linear system |H − C| is a penil onsisting of
del Pezzo surfaes of degree 1. Sine C is the omplete intersetion of
any 2 elements of |H − C|, the blow-up ϕC : UC → U has a natural
projetion ρC : UC → P
1
, whih is a Mori fibration in del Pezzo surfaes
of degree 1. Let us note that if C has a node, the orresponding UC has
the simplest double point (given by the equation x2+y2+z2+w2 = 0 in
some loal oordinates), and if C has a usp, UC has a unique singular
point of type x2 + y2 + z2 + w3 = 0.
We reall that, by definition, a birational map χ : V 99K V ′ between
two Mori fibrations ρ : V → S and ρ′ : V ′ → S ′ defines the same Mori
struture (or that V/S and V ′/S ′ are birational over base), if
• in ase dimS = dimS ′ > 0, there exists a birational map ψ
suh that ρ′ ◦ χ = ψ ◦ ρ,
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• in ase dimS = dimS ′ = 0 (V and V ′ are Q-Fano varieties), V
and V ′ are isomorphi to eah other (whene χ ∈ Bir(V )).
This determines an equivalene relation for Mori fibrations, and for
any threefold X we define its set of Mori (fiber) strutures MS(X) as
MS(X) = {Mori fibrations birational to X}
/
{birational over base}
Remark that the set of Mori strutures is a birational invariant. We
are ready to formulate the main result.
Theorem 1.1. Let U be a non-sungular Fano threefold of index 2 and
degree 1. Then
MS(U) = {U} ∪ {UC → P1, where C ∈ P} .
In partiular, U has a unique model of Fano variety and has no stru-
tures of oni bundles, Bir(U) = Aut(U), and U is not rational. In
general, Bir(U) ∼= Z2.
Some attempts to study birational geometry of U were undertaken
in [4℄, [7℄, and [2℄, using the maximal singularity method. In [4℄ it
is shown that linear systems on U may have maximal singularities
only at urves from P, and some ases of maximal singularities over
points are dealt. Note that |H − C| for C ∈ P gives an example of
a linear system without fixed omponents with a maximal singularity
along C. The author of [7℄ tried to omplete the work but failed in
exluding maximal singurarities over singular points of urves from P
(see [2℄ for details). In [2℄, the previous results were re-proved in a
more regular way, and finally the following assertion was ahieved: if
a linear system D without fixed omponents has a maximal singularity
at B0, then either B0 is a urve from P, or B0 is the singular point of
some C ∈ P for the orresponding maximal valuation on U given by
a weighted blow-up of type (1, 1, N), 2 ≤ N ≤ 5, in nodal ase and
(1, 1, 2) in uspidal ase (theorem 3.1 in [2℄).
In order to omplete proving theorem 1.1, we have to exlude maxi-
mal singularities over points of U and, if D has a maximal singularity
along C ∈ P, jump onto UC/P1. On UC , one needs to show that the
strit transform of D must not have super-maximal singularities, and
then we are done.
The paper is organized as follows. In setion 2, we reall some reent
results of M.Kawakita that allow to simplify muh the usual argumen-
tation in the maximal singularities method. Setion 3 ontains the
desription of geometry of U and UC/P
1
. Setion 4 deals with ases
(1, 1, N) over points mentioned above. We exlude super-maximal sin-
gularities over non-sungular points of UC/P
1
in setion 5, and over
singular points in setion 6. The last setion ontains the onlusion.
We assume that all required statements of the maximal singularities
method (see [8℄ for referene) and the Sarkisov program ([1℄) are known.
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2. Maximal singularities and weighted blow-ups.
Let D be a linear system without fixed omponents on a threefold
V . We assume V to be in the Mori ategory. Suppose that D has a
maximal singularity, i.e., there exists a disrete valuation v entered at
a point or a urve on V suh that the log pairKV +
1
m
D is not anonial
with respet to v, where m is the adjuntion threshold of D. The
argumentation of [1℄ shows that there exists a divisorial ontration
ϕ : V ′ → V in the Mori ategory suh that the exeptional divisor
E ′ of ϕ also defines a maximal singularity of D. The orresponding
disrete valuation vdiv has two main properties. First, CenterV vdiv ⊂
CenterV v. Seond, we may suppose that the minimal disrepany of
the log pair KV +
1
m
D orresponds to vdiv. In other words, if ψ : W →
V is a log resolution with exeptional divisors {E1, E2, . . .}, and E1
orresponds to vdiv, then in the equation
KW +
1
m
ψ−1∗ D = ψ
∗
(
KV +
1
m
D
)
+
∑
a
(
W,KV +
1
m
D, Ei
)
Ei
we have a(W,KV +
1
m
D, E1) ≤ a(W,KV +
1
m
D, Ei) for all i. Brief
explanations an be also found in setion 2 of [2℄.
Reently the following remarkable results were ahieved ([5℄, theo-
rem 2.2, and [6℄, theorem 2.5):
Theorem 2.1. Let X be the germ of a three-dimensional variety, and
ϕ : Y → X is a divisorial ontration in the Mori ategory to a point
B0 ∈ X. Then:
i) if B0 is a smooth point of X, ϕ is the weighted blow-up with weights
(1, L,N) in suitable loal oordinates [x, y, z] on X, where L ≤ N are
oprime integers;
ii) if B0 is a singular point of X ∈ C4 given by xy+z2+w2 = 0 in suit-
able loal oordinates, ϕ is the weighted blow-up with wt(x, y, z, w) =
(1, 1, 1, 1);
iii) if B0 is a singular point of X ∈ C4 given by xy+z3+w2 = 0 in suit-
able loal oordinates, ϕ is the weighted blow-up with wt(x, y, z, w) =
(1, 1, 1, 1) or wt(x, y, z, w) = (1, 5, 2, 3).
In other words, if D has a maximal singularity over a point B0 ∈ V ,
we an always assume that there exists a maximal singularity over
B0 whih is realized as a divisorial ontration in the Mori ategory,
and if B0 is one of the listed above, this ontration is inverse to the
orresponding weighted blow-up.
The assertion i) of theorem 2.1 has the following interpretation.
Let v be any geometrial disrete valuation entered at a smooth point
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B0 ∈ V , and ϕ1 : V1 → V be the blow-up of B0 with the exeptional
divisor E1 ⊂ V1, E1 ∼= P2. Denote by B1 ⊂ E1 the enter of v on
V1. If B1 is also a point, we blow up V1 at B1 with the exeptional
divisor E2 ⊂ V2, and so on, until for some L ≥ 1 we obtain BL is a
urve on EL ⊂ VL. In the maximal singularities method we an always
suppose that BL is a line on EL ∼= P2. Then blowing up BL, we obtain
ϕL+1 : VL+1 → VL with the exeptional divisor EL+1 ∼= F2. Now BL+1
has to be a setion of EL+1 that overs BL, and we proeed with this
way, eah time blowing up setions of exeptional divisors that are
ruled surfaes. Finally, we must stop at EN whih realizes v.
We introdue the oriented graph Γ(v) as follows. It onsists of
N verties {1, 2, . . . , N}, and there is an arrow j → i, if j > i and
Bj−1 ⊂ E
j−1
i , where leading indies mean the strit transform on the
orresponding Vi's. Note that there are always arrows i+ 1 → i sine
Bi ⊂ Ei by hoosing the resolution of v.
The statement i) of theorem 2.1 means that Γ(vdiv) is a hain, i.e.,
only arrows i + 1 → i exist. Moreover, the numbers L and N are the
same as in the theorem. Finally, for i > L, Bi does not interset the
minimal setion of the ruled surfae Ei.
From the last assertion we an deduie the following proposition:
Lemma 2.2. For L < i < N , we have Ei ∼= Fi+1−L, NEi|Vi = OEi(−si−
fi), E
i
i−1|Ei = si, and NBi|Vi
∼= O(−1)⊕O(i+ 1− L), where si and fi
are the lasses of the minimal setion and a fiber of Ei. Viewing Bi as
a urve on Ei, we obtain Bi ∼ si + (i+ 1− L)fi.
Proof. Diret alulation, starting from EL+1. Use the fat that Bi
does not interset the minimal setion of Ei. 
The valuation vdiv defines the numbers νi = multBi−1 D
i−1
, i =
1, . . . , N . Sine KV +
1
m
D is not anonial with respet to v, we obtain
the Nother-Fano inequality in the form
ν1 + ν2 + . . .+ νN > m(L+N).
Reall that m is the adjuntion threshold. For example, if D ⊂ |nH| is
a linear system on the double one over the Veronses surfae U , then
m = n
2
, and we have ν1 + . . .+ νN >
n
2
(L+N).
3. Geometri onstrutions.
Equation and onstrution of U . It is easy to observe that U an
be realized as a hypersurfae of degree 6 in the weighted ptojetive
spae P = P(1, 1, 1, 2, 3). Let [p, x, y, z, w] be the oordinates in P
with wt(p, x, y, z, w) = (1, 1, 1, 2, 3). Sine U does not pass through the
singular points (0, 0, 0, 1, 0) and (0, 0, 0, 0, 1) of P, the equation of U has
to ontain monomials w2 and z3. Suppose that B0 = (1, 0, 0, 0, 0), and
B0 is the singular point of l0 ∈ P. We assume that the "hyperplanes"
T = {x = 0} and {y = 0} ut out l0, and T is tangent to U at
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B0. To avoid ompliating the notation, we keep [x, y, z, w] as the
orresponding oordinates in the affine part {p 6= 0} of P.
Suppose that B0 is the node of l0. Then the equation of U an be
hosen in the form
w2 + z3 + z2f2(x, y) + zf4(x, y) + x+ f6(x, y) = 0,
where deg fi ≤ i, f2(0, 0) 6= 0, f4(0, 0) = f6(0, 0) = 0, and the minimal
degree of monomials in f6 is not less than 2 (i.e., f6 does not ontain a
linear part).
If B0 is the usp on l0, we may assume the equation of U to be in
the form
w2 + z3 + zf4(x, y) + x+ f6(x, y) = 0,
where f4 and f6 satisfy the same requirements as before.
Being restrited to U , the projetion P 99K P(1, 1, 1, 2) gives a mor-
phism of degree 2 U
2:1
−→ P(1, 1, 1, 2) branhed over a surfae of degree
6. We an view P(1, 1, 1, 2) as the one in P6 over the Veronese surfae
in P5. This is why U is often alled "the double one over the Veronese
surfae".
Constrution of the orresponding del Pezzo fibrations. Let
C ∈ P, and V = UC → U the blow-up of C. Reall that C is the
omplete intersetion of any two elements from |H − C|. The natural
projetion ρ : V → P1 realizes V as a Mori fibrations on del Pezzo
surfaes of degree 1. We see that V is always Gorenstein, all fibers of
ρ : V → P1 are irreduible and redued, and
Pic(V ) = Z[−KV ]⊕ ZF,
where F is the lass of a fiber. V is non-singular if C is non-singular, V
has an ordinary double point in the fiber orresponding to T ∈ |H−C|
(as before, T is the tangent setion of U at B0) if C has a node, and
V has a double point with a loal equation ab+ c2 + d3 = 0 if C has a
usp.
Another onstrution of ρ : V → P1 an be ahieved as follows
(see [3℄, setion 2.1, the ase n1 = 0, n2 = 1, n3 = 2.). Let X =
Proj
P1
O⊕O⊕O(1)⊕O(2) with the natural projetion pi : X → P1.
Denote by M the lass of the tautologial bundle on X , by L the lass
of a fiber, by t0 the lass of minimally twisted setions (i.e., t0 has an
effetive representative and t0 ◦M = 0), and by p the lass of a line
in a fiber of pi : X → P1. Consider a hypersurfae Q ∼ 2M − 2L
whih is fibered over P1 into non-degenerated two-dimensional quadri
ones. Denote by tb the setion of X/P
1
that onsists of the verties
of the ones. The lass of tb is exatly t0. Let RQ be the restrition
of some effetive divisor R ∼ 3M to Q. Finally, take the double over
ϕ : V
2:1
−→ Q branhed over RQ. We obtain a variety fibered into del
Pezzo surfaes of degree 1 over P1. It is not very diffiult to see that
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V → P1 is isomorphi to UC for some C ∈ P under the suitable hoie
of RQ, and ρ = pi ◦ ϕ.
Let sb = ϕ
−1(tb). Then sb is a setion of ρ, and sb uts out the base
point of the antianonial linear system on eah fiber. It an be defined
also as
sb = Bas | −KV + lF |
for l ≫ 0. We define s0 =
1
2
ϕ∗(t0) and f =
1
2
ϕ∗(p). It is easy to see
that sb ∼ s0. Note that
NE(V ) = NE(V ) = R+s0 ⊕ R+f.
Denote by GV the unique effetive element of |−KV −2F |. The divisor
GV is exeptional for the blow-up V = UC → U and isomorphi to
C × P1. In [3℄ it was shown that K2V ∼ 2s0 + 3f and s0 ◦ (−KV ) = 1.
Clearly, f ◦ F = 0 and s0 ◦ F = f ◦ (−KV ) = 1.
Relations between divisors on U and V = UC → P1. Let ϕC :
V = UC → U be the blow-up of C ∈ P. Suppose that D ⊂ |aH −µC|.
In other words, D onsists of divisors of the lass aH that have the
multipliity µ along C. Let DV = (ϕC)−1∗ ⊂ |n(−KV ) + mF | be the
strit transform of DU on V . Then it is easy to ompute that
n = a− µ,
m = 2µ− a,
i.e., DV ⊂ |(a− µ)(−KV ) + (2µ− a)F |.
4. Exluding infinitely near singularities on U .
Let l0 ∈ P, B0 the singular point of l0. As it follows from theorem
3.1.2 of [2℄, we have to onsider the ase of infinitely near maximal
singularities over B0 that are realized by the weighted blow-up with
weights either (1, 1, N), 2 ≤ N ≤ 5, if B0 is a node, or (1, 1, 2), if B0
is a usp. In all these ases we assume that µ = multl0 D ≤
n
2
, where
D ⊂ |nH| is a linear system without fixed omponents.
Following to setion 2, weighted blow-ups of type (1, 1, N) an be
resolved as follows. We blow up the point B0, and the exeptional
divisor (say, E1) ontains the next enter B1, whih must be a line.
We blow up B1 with a ruled surfae E2 as the exeptional divisor, and
this is all if N = 2. Otherwise, there exists a setion B2 ⊂ E2 \ E21
whih is the next enter. We blow up it, and so on. As in the end
of setion 2, we denote νi = multBi−1 D
i−1
, ν1 ≥ ν2 ≥ . . . >
n
2
. The
orresponding Nother-Fano inequalities are given by
(4.1) ν1 + . . .+ νN >
n
2
(1 +N) .
The nodal ase. As it is shown in setion 3, we may hoose loal
oordinates [x, y, z, w] suh that the loal equation of U near B0 =
(0, 0, 0, 0) is
w2 + z3 + z2f2(x, y) + zf4(x, y) + x+ f6(x, y) = 0,
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where deg fi ≤ i, f2(0, 0) 6= 0, f4(0, 0) = f6(0, 0) = 0, f6 does not
ontain a linear part, and T = {x = 0} is the tangent spae to U at
B0. We set TU = T |U ∈ |H − B0| = |H − l0|.
Let ϕ1 : U1 → U be the blow-up of B0, E1 ∼= P2 the exeptional
divisor, l10 the strit transform of l0 on U1 (leading indies usually mean
the strit transform on the orresponding floor of the hain of blow-
ups), {P, P ′} = l10 ∩ E1 (learly, P 6= P
′
), e1 ⊂ E1 the line joining P
and P ′. The situation is given by figure 1. Note that exept for TU ,
the strit transform of any element S ∈ |H− l0| on U1 uts out the line
e1 on E1.
1e
0
1
1
1
l
E
B
P’
P
Figure 1.
It is easy to observe from the equation of U that the singular point
of TU at B0 is exatly Ak, 1 ≤ k ≤ 5. Respetively, the restrition
T 1U |E1 is either a non-singular oni that passes through P and P
′
, or
a ouple of lines that ontain P and P ′ and have their ommon point
outside of e1 (thus they are different from e1). In the latter ase T
1
U
may have a singular point in the ommon point of the ouple of the
lines, but anyway T 1U is non-singular along l
1
0.
The possible situation is exhausted by the following ases:
A). neither P nor P ′ is ontained in B1;
B). e1 = B1;
C). P ∈ B1 6= e1 and B1 ⊂ SuppT 1U |E1;
D). P ∈ B1 6= e1, T 1U |E1 is a oni, and B1 is tangent to T
1
U |E1 at P ;
E). other ases when P ∈ B1 6= e1.
Note that in all ases exept for e1 = B1 we have the inequality
(4.2) ν1 ≥ ν2 + µ,
whih arises from the intersetion of a general line in E1 through the
point P ′ and an element from D. Now we deal separately with the
listed ases.
The ase C). Consider the family of divisors L = {z = ay, a 6= 0}.
Clearly, L ⊂ |2H| with non-singular K3 surfaes as general elements.
Then, L1 has no base urves on U1, so its elements over E1. Choose
general elements S ∈ L and D ∈ D, and onsider the urve C = TU∩S.
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Clearly, C ∼ 2l, C 6⊂ D, C has a double point at B0, and C1 ∩B1 6= ∅.
Thus
2n = D ◦ C ≥ 2ν1 + ν2.
Sine ν1 + . . . + νN > n
(
1 + N
2
)
from the Nother-Fano inequality, we
see that N = 2 or N = 3 are impossible. In order to exlude the ases
N > 3, apply the inequality 4.2. We have
2n ≥ 2ν1 + ν2 ≥ 2µ+ 3ν2 > 2µ+
3
2
n,
hene µ < n
4
.
Now let us proeed with the way whih we will use repeatedly in
the sequel. Choose general elements S ∈ |H − l0| and D ∈ D. S is a
non-singular del Pezzo surfae of degree 1. Set
D|S = µl0 + C,
where the omponents of the residual urve C do not ontain l0. We
resolve the maximal valuation over B0 in the way given in setion 2.
Thus, we have the blow-ups ϕi : Ui → Ui−1, U0 = U , of the enters
Bi−1 ⊂ Ei−1. In our ase, B0 is a point, the other Bi's are urves.
As it has been mentioned, the orresponding oriented graph has no
inidenies and Bi∩Eii−1 = ∅ for i ≥ 2. We put ei = Ei|Si, B˜i = Bi∩S
i
for i ≥ 1, and ν˜i = multB˜i−1 D
i−1|Si−1. We have
D|S = µl0 + C,
D1|S1 = µl
1
0 + C
1 +m1e1,
· · ·
DN−1|SN−1 = µl
N−1
0 +m1e
N−1
1 + . . .+mN−1eN−1,
where the numbers mi satisfy the relations
(4.3) ν˜i = nui +mi.
Note that B˜i 6∈ e
i
i−1. Set αi = multB˜i C
i
, α0 ≥ α1 ≥ . . ., and let
k = max{i : B˜i−1 ∈ l
i−1
0 }.
Then we have
ν˜1 = 2µ+ α0,
ν˜2 = µ+ α1 +m1,
· · ·
ν˜k = µ+ αk−1 +mk−1.
Moreover, one deduies that
2α0 + α1 + . . .+ αk−1 ≤ (D|S − µl0) ◦ l0 = n− µ.
Suppose that k < N . Then ν˜k+1 = αk +mk. Thus
ν˜1 + . . .+ ν˜k+1 = (k + 1)µ+
k∑
i=0
αi +
k∑
i=1
mi.
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Using (4.3) and the inequality
k∑
i=0
αi ≤ 2α0 + α1 + . . .+ αk−1 ≤ n− µ,
we obtain
ν1 + . . .+ νk+1 ≤ (k + 1)µ+ n− µ = n + kµ.
Sine µ ≤ n
2
, we get
ν1 + . . .+ νk+1 ≤
n
2
(k + 1),
whih is impossible beause νi >
n
2
for all i. Hene k = N . Arguing as
before, we see that
ν1 + . . .+ νN ≤ (N + 1)µ+ n− µ = n +Nµ.
Using the estimation µ < n
4
, one has
ν1 + . . .+ νN < n
(
1 +
N
4
)
.
It only remains to ompare it with the Noether-Fano inequality (4.1),
and we get the ontradition.
The ase B). In this ase e1 = B1. We repeat the argumentation of
the previous ase with minor hanges. Let L = |H − l0|, ϕ1 : U1 → U
the blow-up of B0. For general S ∈ L, S1|E1 = e1. We set
D|S = µl0 + C,
D1|S1 = µl
1
0 + C
1 +m1e1,
where m1 = ν2 sine e1 = B1. Let ϕ2 : U2 → U1 be the blow-up of
B1, E2 ∼= F2 the exeptional divisor with s2 and f2 as the lasses of
the minimal setion and a fiber respetively. Note that E21 |E2 uts out
the minimal setion of E2, the penil L2|E2 ⊂ |s2 + 2f2| has two base
points, say, Q and Q′, outside of the minimal setion.
We resolve the valuation as in setion 2. Let
k = max
{
i : Bi−1 ∩ l
i−1
0 6= ∅
}
.
Clearly, k ≥ 3. For i ≥ 2, let B˜i be any of the intersetion points
Si ∩ Bi. We see that B˜k 6∈ lk0 . Then, for i ≥ 2,
Di|Si = µl
i
0 + C
i +m2e
i
2 +m3e
i
3 + . . .+miei,
where ei = Ei|Si. The important observation is that m2 = 0.
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Suppose that k < N . We have
ν1 + ν2 = 2µ+ α0,
ν˜3 = µ+ α2,
ν˜4 = µ+ α3 +m3,
· · ·
ν˜k = µ+ αk−1 +mk−1,
ν˜k+1 = αk +mk,
where ν˜i = multB˜i−1 D
i−1|Si−1 = νi + mi and αi = multB˜i C
i
. Sine
µ ≤ n
2
and α0 + α2 + . . .+ αk ≤ n− µ, we get a ontradition:
n
2
(k + 1) < ν1 + . . .+ νk+1 ≤ n + (k − 1)µ ≤
n
2
(k + 1).
Suppose that k = N . Arguing as before, we see that
ν1+ . . .+νN ≤ Nµ+α0+α2+ . . .+αN−1 ≤ n+(N −1)µ ≤
n
2
(N +1),
and this ontradits to the Nother-Fano inequality (4.1).
The ase A). As it has been mentioned above, in this ase we have
ν1 ≥ ν2 + µ. Denote B˜1 = B1 ∩ e1, B˜1 is different from both P and P ′.
We set
D|S = µl0 + C,
D1|S1 = µl
1
0 + C
1 +m1e1.
Sine B˜1 6∈ l10, we have
ν˜1 = 2µ+ α0,
ν˜2 = α1 +m1,
and α0 + α1 ≤ n − µ (we keep the notation of the previous ases).
Thus,
2ν2 + µ ≤ ν1 + ν2 ≤ 2µ+ α0 + α1 ≤ n + µ,
whene n < 2ν2 ≤ n, a ontradition.
The ase E). It is easy to ompute that
Nl1
0
|U1
∼= O(−1)⊕O(−3).
Let ϕ2 : U2 → U1 be the blow-up of l10 (not B1!!), E2
∼= F2 the exep-
tional divisor with s2 and f2 as the lasses of the minimal setion and
a fiber. We see that
D2|E2 ∼ µs2 + (3µ+ n− 2ν1)f2.
By the ondition, T 1U |E1 and B1 are transversal to eah other at P .
Sine T 2U uts out the minimal setion of E2, we deduie that B
2
1 in-
tersets E2 outside of the minimal setion, and at this point D
2|E2 has
the multipliity not less than ν2. Thus
3µ+ n− 2ν1 ≥ ν2,
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and sine ν1 ≥ ν2 + µ, we get
n+ µ ≥ 3ν2 >
3
2
n,
i.e., µ > n
2
, a ontradition.
The ase D). As in the ase E), we first blow-up l10, but now B
2
1 ∩E2 ∈
s2. Set µ
′ = mults2 D
2
, µ′ ≤ µ. Then,
Ns2|U2
∼= O(−1)⊕O(−2),
and let ϕ3 : U3 → U2 be the blow-up of s2, E3 the exeptional divisor
with the minimal setion s3 and a fiber f3. We obtain the situation
like in the previous ase: B31 ∩ T
3
U = ∅, T
3
U |E3 = s3, so D
3|E3 has the
multipliity not less than ν2 at the point B
3
1 ∩ E3. Sine
D3|E3 ∼ µ
′s3 + (2µ
′ + µ+ n− 2ν1)f3,
and µ′ ≤ µ, we get the inequality 3µ + n − 2ν1 ≥ ν2, i.e., the same as
in the ase E).
The uspidal ase. Let B0 be the uspidal point of l0 ∈ P. As it is
shown in setion 3, we an define U loally by
w2 + z3 + zf4(x, y) + x+ f6(x, y) = 0,
where deg fi ≤ i, fi(0, 0) = 0, f6 has no the linear part, B0 = (0, 0, 0, 0),
l0 = {x = y = 0}, and TU = {x = 0}. We see that TU has at B0 one of
the following du Val singularities: A1, A2, D4, E6, E7, or E8.
As in the nodal ase, let ϕ1 : U1 → U be the blow-up of B0, E1 the
exeptional divisor, and P = l10 ∩E1. The strit transforms of divisors
from |H − l0| \ {TU} ut out a line e1 on E1. Then, T 1U is non-singular
along l10, and T
1
U |E1 is one of the following:
• a non-singular oni that is tangent to e1 at P , if B0 is A1-point
on TU ;
• a ouple of lines that are different from e1 and have their om-
mon point at P , in the ase A2;
• a double line that is different from e1 and pass through P , in
the other ases.
We have the following possibilities:
A). B1 6= e1 and P 6∈ B1;
B). B1 = e1;
C). P ∈ B1 and B1 ⊂ SuppT 1U |E1;
D). P ∈ B1 6= e1, B1 6⊂ SuppT 1U |E1, and T
1
U |E1 onsists of lines;
E). P ∈ B1 6= e1 and T 1U |E1 is a non-singular oni.
The ase A) was exluded in [2℄. The argumentation of the ases B)E)
of the nodal situation works in the aspidal situation as well, we only
give some remarks. One keeps the notation of the orresponding ases.
First, there are no hanges in the ases C), D), and E). Then, in the
ase B), let Q = l20 ∩ E2; Q is not ontained in the minimal setion.
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Elements from L2|E2 (exept for T
2
U) are all tangent to eah other at Q.
Suppose that B2 is also tangent to them atQ (if not, the argumentation
of the ase k < N works). Then, for a general S ∈ L, S3 uts out a
double fiber of E3, along whih it has a double point. We an always
assume that B3 does not pass through the singular point of S
3
. Sine
B3 is also tangent to S
3
, we will have the analoguos situation on U4,
and so on. Anyway, we may always assume Si to be non-singular at
the point B˜i = S
i ∩ Bi. There are no other hanges in this ase.
So, taking into aount the results of [2℄, we proved the following
proposition:
Proposition 4.1. Suppose that a linear system D on U has no max-
imal urves. Then D has no maximal singularities over points.
5. Exluding super-maximal singularities over
non-singular points.
In this setion we assume the reader to be more or less familiar with
the "super-maximal" modifiation of the method of maximal singular-
ities (see [9℄). All denotations are lose to those in [3℄.
Let V be the blow-up of a urve from P on U , ρ : V → P1 the
orresponding fibered struture, s0 and f are the lasses of effetive
generators of 1-dimensional yles on V , and {GV } = | − KV − 2F |
(see setion 3).
Consider a linear system D ⊂ |n(−KV )+mF |, m ≥ 0, without fixed
omponents, and general elements D1, D2 ∈ D. Then
D1 ◦D2 ∼ n
2s0 + (3n
2 + 2mn)f,
and we set
D1 ◦D2 = Z
h +
∑
t∈P1
Zvt ,
where Zh and Zvt are horizontal and vertial (over t ∈ P
1
) effetive
1-yles.
We reall that D has no maximal singularities over urves ([9℄, [3℄).
Assume D has a super-maximal singularity. Then we have
(5.1) m <
∑
t∈P1
max
v∈M
Center v∈Ft
e(v)
v(Ft)
,
where e(v) = v(D)− δv, δv is the anonial multipliity with respet to
v, and M = {v : e(v) > 0} is the (finite) set of maximal valuations of
D.
Let A be the number of elements inM, and define degZh = Zh ◦F ,
degZvt = 2Z
v
t ◦ (−KV ). Then∑
t∈P1
degZvt ≤ 6n
2 + 4mn <
∑
t∈P1
(
6n2
A
+ 4n max
v∈M
Center v∈Ft
e(v)
v(Ft)
)
.
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Thus, there exist t ∈ P1 and v ∈M suh that
degZvt <
6n2
A
+ 4n
e(v)
v(Ft)
.
Consider the graph Γ = Γ(v) (see setion 2). Suppose it onsists of N
verties, the verties {1, . . . , L} orrespond to points (i.e., B0, . . . , BL−1
are points), and the others orrespond to urves. We denote by ri
the number of all paths in Γ from N to i, and define Σ0 =
∑L
i=1 ri,
Σ1 =
∑N
i=L+1 ri. Let
L′ = max{1 ≤ i ≤ L : Bi−1 ∈ F
i−1
t }
and Σ′0 =
∑L′
i=1 ri; learly, Σ
′
0 ≤ Σ0. Then Σ
′
0 ≤ v(Ft), and we have
Σ′0 degZ
v
t <
6n2
A
+ 4ne(v).
Put mhi = multBi−1
(
Zh
)i−1
and mvi = multBi−1 (Z
v
t )
i−1
. Then we have
the quadrati inequality
L∑
i=1
rim
h
i +
L′∑
i=1
rim
v
i ≥
(2nΣ0 + nΣ)1 + e(v))
2
Σ0 + Σ1
≥ 4n2Σ0 + 4ne(v).
Note that mhi ≤ degZ
h ≤ n2. Taking into aount (5.1), we obtain
n2Σ0 +
6n2
A
Σ′0 > 4n
2Σ0,
hene
2
A
>
Σ0
Σ′0
≥ 1,
whih yields A = 1 and Σ′0 >
1
2
Σ0.
Thus, it is shown that D only onsists of valuations entered over
points in Ft. This allows us to re-write the super-maximal ondition
for v in the form
e(v) > mv(Ft).
Let B0 = CenterV v. We hange the denotation Ft for the "entral"
fiber (i.e., that ontains the super-maximal singularity), denoting it by
F0. The antianonial linear system on F0 ontains a unique element,
say, l0, that passes through B0.
We summarize the known results as follows (we assume B0 to be a
non-singular point of V ):
• D may only have maximal singularities over points in F0, and
at least one of the maximal singularities is super-maximal;
• B0 is neessarily ontained in a setion of the lass s0, thus
B0 ∈ GV and l0 = GV ∩ F0 ([3℄, 2.2);
• B0 is a non-singular point of F0, B0 6= Bas | −KF0|, and l0 has
a double point (node or usp) at B0 ([3℄, lemma 2.8);
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• we have the following inequality for v:
∑N
i=1 riνi > 2nΣ0 +
nΣ1 +mΣ
′
0, where νi = multBi−1 D
i−1
;
• always Σ′0 >
1
2
Σ0.
Note that if V → U is the blow-up of a urve C ∈ P, then l0 ∼= C and
GV = P
1 × C. Whene C, and thus l0 and V itself, must be singular.
We an say a bit more about the situation. Sine B0 = CenterV v,M
has to ontain a disrete valuation that defines a maximal singularity
over B0 and an be realized by a divisorial extration (i.e., a wheighted
blow-up, see setion 2). We denote suh a disrete valuation by vdiv.
We have three possible ases:
A. vdiv is super-maximal (for example, vdiv = v) and B0 is a non-
singular point of V ;
B. vdiv is not super-maximal (thus vdiv 6= v), B0 is non-singular;
C. B0 is the singular point of V .
The latter ase is studied in the next setion. Here we show that the
first two ases are impossible. One an always assume e(vdiv) ≥ e(v),
so in the ase B vdiv(F0) > v(F0), and we have the weak super-maximal
ondition for vdiv:
e(vdiv) > mv(F0).
The ase A: vdiv is super-maximal. We may assume that vdiv = v.
Suppose first that B0 is a nodal point of l0. As it is mentioned
in setion 2, v an be realized as the weighted blow-up with weights
(1, L,N), L < N , or as a hain of blow-ups with enters B0, . . . , BN−1,
where B0, . . . , BL−1 are points and BL, . . . , BN−1 are urves, with the
onditions Bi 6⊂ Eii−1 for all i and Bi ∩ E
i
i−1 = ∅ for i > L. One uses
the latter realization. We set
L′ = max{1 ≤ i ≤ L : Bi−1 ∈ F
i−1
0 }
and
k = max{1 ≤ i ≤ L : Bi−1 ∈ l
i−1
0 }.
Clearly, L′ ≤ v(F0) and k ≤ L′. Sine ri = 1 for all i, we have the
super-maximality ondition in the form
N∑
i=1
νi > n(N + L) +mL
′.
Choose general elements D1, D2 ∈ D, and let D1◦D2 = Z
h+Zv, where
Zh and Zv are horizontal and vertial 1-yles. Zv ontains the 1-yle
Zv0 that lies in F0, and let
Zv0 = αl0 + Z˜
v
0 ,
where l0 6⊂ Supp Z˜v0 . Define the multipliities m
h
i = multBi−1(Z
h)i−1
and m˜vi = multBi−1(Z˜
v
0 )
i−1
for 1 ≤ i ≤ L. We obtain the quadrati
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inequality in the form
L∑
i=1
mhi + α(k + 1) +
L′∑
i=1
m˜vi >
(n(L+N) +mL′)2
N
≥ 4n2L+ 4mnL′.
Sinemhi ≤ degZ
h ≤ n2 and α+m˜vi ≤ degZ
v ≤ 3n2+2mn, we deduie
n2L+ α + 3n2L′ + 2mnL′ > 4n2L+ 4mnL′,
whene
α > 3n2(L− L′) + 2mnL′.
But α ≤ 3n2 + 2mn, hene L = L′. Moreover, the same arguments
show that k = L′. Thus, in what follows, we suppose that k = L′ = L.
In partiular, Bi ∩ F i0 6= ∅ for all i.
Now we show that BL 6⊂ FL0 . Assume the onverse. Set ei = Ei∩F
i
0,
and hoose a point B˜L ∈ eL outside of eLL−1 ∪ l
L
0 . Clearly, ν˜L+1
def
=
multB˜L(D
L|FL
0
) ≥ νL+1. For a general D ∈ D we set
D|F0 = µl0 + C ∈ |n(−KF0)|,
where µ ≤ n and l0 6⊂ SuppC. Define αi = multBi C
i
for i < L,
α˜L = multB˜L C
L
, mi = ordei(D
i|F i
0
), and ν˜i = multBi−1(D
i−1|F i−1
0
).
Then we have
ν˜1 = 2µ+ α0,
ν˜2 = µ+ α1 +m1,
· · ·
ν˜L = µ+ αL−1 +mL−1,
ν˜L+1 = α˜L +mL.
Sine
α0+ . . .+αL−1+ α˜L ≤ 2α0+α1+ . . .+αL−1 ≤ (D|S−µl0) ◦ l0 = n−µ
and ν˜i = νi +mi for 1 ≤ i ≤ L, we obtain
ν1 + . . .+ νL+1 ≤ (L+ 1)µ+ n− µ ≤ (L+ 1)n,
whih ontradits to the ondition νi > n for all i.
Thus, we assume that BL 6⊂ F
L
0 . We define the points B˜i = Bi ∩F
i
0,
0 ≤ i ≤ N − 1. Suppose that ν˜i = multB˜i−1(D
i−1|F i−1
0
), 1 ≤ i ≤ N , the
numbers mi, αi, µ are defined as before. Set
k′ = max{1 ≤ i ≤ N : B˜i−1 ∈ l
i−1
0 }.
Clearly, k′ ≥ k = L′ = L. Assume that k′ < N . Then we have
ν˜1 = 2µ+ α0,
ν˜2 = µ+ α1 +m1,
· · ·
ν˜k′ = µ+ αk′−1 +mk′−1,
ν˜k′+1 = α˜k′ +mk′,
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and sine
α0 + . . .+ αk′ ≤ 2α0 + α1 + . . .+ αk′−1 ≤ n− µ,
we get a ontradition:
ν1 + . . .+ νk′+1 ≤ (k
′ + 1)µ+ n− µ ≤ (k′ + 1)n.
Thus, k′ = N . We repeat the arguments to obtain
ν1 + . . .+ νN ≤ (N + 1)µ+ n− µ ≤ (N + 1)n,
but this is impossible beause of the super-maximality ondition
ν1 + . . .+ νN > n(L+N) +mL
′ ≥ (N + 1)n.
The important remark is that we have used the Nother-Fano inequality,
not the super-maximality ondition.
So, B0 has to be a usp of l0. It is easy to observe that nothing
hanges in the uspidal ase, the above argumentation does work. In
fat, this ase is even simpler sine B2 avoids l
2
0 (note that l
2
0∩E
2
1 6= ∅).
The ase B: vdiv is not super-maximal. Sine vdiv is not super-
maximal, one has e(vdiv) ≤ mvdiv(F0) . We may always assume that
e(vdiv) > e(v). Sine v is super-maximal, that is, e(v) > mv(F0), we
obtain two important inequalities:
e(vdiv) > mv(F0),
vdiv(F0) > v(F0).
Suppose that vdiv is realized by the weighted blow-up with weights
(1, L,N). Taking into aount the sheme of resolution of weighted
blow-up, we have the enters B0, . . . , BN−1, where B0, . . . , BL−1 are
points and BL, . . . , BN−1 are urves. Set
k = max{1 ≤ i ≤ L : Bi−1 ∈ l
i−1
0 }.
We repeat the arguments of the ase A to argue that BL 6⊂ FL0 . More-
over, due to the remark at the end of the ase A, that is, that we
have not needed the super-maximality ondition, we also argue that
k < L. We show that Bk 6∈ F k0 for k < L. Assume the onverse, that
is, Bk ∈ F k0 \ l
k
0 . Restriting D to F0 and using the denotations of ν˜i,
µ, αi, and so on, in the same way as above, we obtain
ν˜1 = 2µ+ α0,
ν˜2 = µ+ α1 +m1,
· · ·
ν˜k = µ+ αk−1 +mk−1,
ν˜k+1 = αk +mk,
whene
ν1+ . . .+νk+1 ≤ (k+1)µ+α0+ . . .+αk ≤ (k+1)µ+n−µ ≤ (k+1)n,
whih is impossible. Thus we have
vdiv(F0) = k < L,
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and sine vdiv(F0) > v(F0) ≥ 1, then k ≥ 2.
Let Zv0 = αl0 + Z˜
v
0 , and let m
h
i and m˜
v
i be defined as above. One
uses the weak super-maximality ondition
N∑
i=1
νi > n(L+N) +mv(F0)
to obtain the quadrati inequality in the form
L∑
i=1
mhi + (k + 1)α+
k∑
i=1
m˜vi >
(n(L+N) +mv(F0))
2
N
.
Remark that
2m˜v1 + m˜
v
2 + . . . m˜
v
k ≤ Z˜
v
0 ◦ l0 ≤ 3n
2 + 2mn− α,
and the more so
m˜v1 + m˜
v
2 + . . . m˜
v
k ≤ 3n
2 + 2mn− α.
Moreover,
mh1 + . . .+m
h
k ≤ Z
h ◦ F0 ≤ n
2.
Thus we get
L
k
n2+kα+3n2+2mn > 4n2L+4mnv(F0)+n
2
(
(N − L)− m
n
v(F0)
)2
N
,
hene
kα > n2
(
4L−
L
k
− 3
)
+2mn (2v(F0)− 1)+n
2
(
(N − L)− m
n
v(F0)
)2
N
.
We observe that ν1 + . . .+ νk ≤ (k+1)µ+α0 + . . .+αk−1 ≤ (k+1)n,
and then
θk
def
=
ν1 + . . .+ νk
kn
≤
k + 1
k
.
Clearly,
nθk ≥
1
N
N∑
i=1
νi,
and we deduie from the weak super-maximal ondition that
N − L >
2− θk
θk − 1
L+
1
θk − 1
·
m
n
v(F0).
Combining this and the estimation for θk with the quadrati inequality,
one gets
α > n2
(
(k + 2)L
k
−
3
k
)
+mn
(
(k + 1)2
k2
v(F0)−
2
k
)
.
Reall that L ≥ k + 1. Thus we have
α > n2
(
k2 + 3k + 1
k
)
+mn
(
v(F0) +
2v(F0)
k
+
v(F0)
k2
−
2
k
)
,
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and the ondition α ≤ 3n2 + 2mn yields
v(F0) = 1.
Note that the argumentation is the same in the nodal and in the us-
pidal ases.
Now we turn bak to the super-maximal valuation v. All denotations
(νi, Bi, Ei, and so on) are related to v. Sine Σ
′
0 ≤ v(F0) = 1 and
Σ0 < 2Σ
′
0, we have Σ0 = Σ
′
0 = 1. Thus L = 1 and B1, . . . , BN−1 are
urves. It is known that BL+1 ∩E
L+1
L = ∅ and Bi 6⊂ E
i
i−1 for all i > L.
In our ase L = 1, thus B2 ∩ E21 = ∅, E2
∼= F2. Denote by si and fi
the minimal setions and fibers of the orresponding ruled surfaes Ei.
We see that B2 ∼ s2 + 2f2 and Bi 6= si for all i > 1. Set
l = max{3 ≤ i ≤ N : Bi−1 ∩ E
i−1
i−2 = ∅}.
Assume that l < N . Then Bl ∼ sl + bfl, where b > l. Indeed, from
lemma 2.2 for the ase L = 1 it follows that Ei ∼= Fi for i ≤ l. Take
into aount that Ell−1|El = sl, thus Bl ∩ sl 6= ∅ and b > l. It is easy to
ompute that
Dl|El ∼ νlsl + (ν1 + . . .+ νl)fl.
Sine νl+1Bl ⊂ Dl|El, we get
(l + 1)νl+1 ≤ bνl+1 ≤ ν1 + . . .+ νl.
Set
k = max{1 ≤ i ≤ N − 1 : Bi−1 ∩ l
i−1
0 6= ∅}.
Assume that k < l. Restriting D to F0, we have
ν˜1 = 2µ+ α0,
ν˜2 = µ+ α1 +m1,
· · ·
ν˜k+1 = αk +mk.
Sine 2α0 + α1 + . . .+ αk−1 ≤ n− µ, we get
ν1 + . . .+ νk+1 ≤ (k + 1)µ+ n− µ ≤ (k + 1)n,
whih is impossible beause of the inequalities νi > n for all i. Thus
k ≥ l and
ν˜l = µ+ αl−1 +ml−1.
We obtain
ν1 + . . .+ νl ≤ (l + 1)µ+ n− µ ≤ (l + 1)n.
Combining this estimation with (l + 1)νl+1 ≤ ν1 + . . . + νl, we get a
ontradition:
νl+1 ≤ n.
Thus, we obtain l = N . In other words, the valuation v orresponds to
a weighted blow-up. In the ase A it is shown that this is impossible.
We proved the following result:
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Proposition 5.1. The linear system D ⊂ |n(−KV ) + mF |, m ≥ 0,
has no super-maximal singularities over the non-singular part of V .
6. Exluding super-maximal singularities over the
singular point.
It remains to exlude super-maximal singularities over the point B0
whih is the singular point of V/P1. Let v be a maximal valuation with
the enter at B0 whih is a super-maximal at the same time, that is,
the inequality
e(v) > mv(F0)
holds, where F0 is the fiber that ontains B0. As before, there exists
a maximal valuation vdiv whih is a divisorial extration in the Mori
ategory, CenterV vdiv = B0. We may always assume that e(vdiv) ≥
e(v). Hene vdiv satisfies the weak super-maximal ondition e(vdiv) >
mv(F0). In partiular, one has always
e(vdiv) > m.
As it follows from Kawakita's theorem 2.1, only the following ases are
possible:
• B0 is the simplest double point, that is, it is loally defined by
xy + zw = 0, and vdiv is realized by the blow-up of B0;
• B0 is defined by xy + z3 + w2 = 0 and vdiv is realized by the
blow-up of B0;
• B0 is defined by xy + z3 + w2 = 0 and vdiv is realized by the
weighted blow-up with weights (1, 5, 2, 3).
Now we argue that the first two ases are impossible. Let γ1 : U1 → U
be the blow up of B0, E1 the exeptional divisor. In the first two ases
E1 realizes vdiv, and either E1 ∼= P1 × P1 if B0 is the simplest double
point, or E1 is isomorphi to a quadri one in P
3
(in the seond ase).
Remark that U1 is non-singular. For a general D ∈ D ⊂ |n(−KV +
mF )| we set
D1 = γ∗1(D)− ν1E1.
The Nother-Fano inequality has the form ν1 > n. Choose a general
urve C ∈ |2(−KF0)−B0|. Then C is singular at B0 and C
1 ◦E1 = 2.
We get a ontradition immediately: 0 ≤ D1 ◦ C1 = 2n− 2ν1 < 0.
In what follows we assume that B0 is loally defined by xy+z
3+w2 =
0, vdiv orresponds to the third ase and satisfies e(vdiv) > m.
The valuation vdiv an be geometrially realized as follows (see [6℄,
lemma 5.2). Let ψ1 : V1 → V be the blow-up of the point B0. The
exeptional divisor E1 is isomorphi to a quadri one in P
3
. The enter
of vdiv on V1 is a point B1 ∈ E1 lying outside of the vertex of the one.
By e1 ⊂ E1 we denote the generator of the one that passes through
B1 (see figure 2). Let ψ2 : V2 → V1 be the blow-up of B1, E2 ∼= P2
the exeptional divisor. Then B2 = CenterV2 vdiv is a line in E2 that
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passes through the point e21 ∩ E2 and does not ontained in E
2
1 . The
exeptional divisor E3 of the blow-up ψ3 : V3 → V2 of B2 realizes vdiv.
E
e
B
E
e
EB
E1
2 E21
1
1
1
2
1
2
2
2
Figure 2.
We set νi = multBi−1 D
i−1
. Observe that 2ν1 ≥ ν2 ≥ ν3. We assume
that ν1 ≤ n, otherwise we get the situation of the first two ases. The
weak super-maximal ondition for vdiv has the form
ν1 + ν2 + ν3 > 4n+m.
We assume that V is obtained by the blow-up ϕ : V → U of a urve
l ∈ P on U , and l has a usp at a point P0. The birational morphism
ϕ an be also realized as follows (see figure 3). Let γ1 : U1 → U be the
blow-up of P0, L1 ∼= P2 the exeptional divisor. The strit transform
l1 of the urve l on V1 is tangent to L1 at a point P1. The tangent
diretion to l1 at P1 defines a line r1 ⊂ L1. Let γ2 : U2 → U1 be the
blow-up of l1, L2 the exeptional divisor. The strit transform L
2
1 of L1
on V2 beomes isomorphi to a quadri one that is blown up at some
point outside of the vertex of the one, and r21 is the (−1)-urve of L
2
1.
Note that L21 is tangent to L2 along the fiber v
+
.
Let us turn bak to V for instane. We reall that the exeptional
divisor GV of the morphism ϕ is isomorphi to l × P1 (see setion 3).
Hene GV is singular along a setion s of V → P1. This setion has the
lass s0. Now let ψ1 : V1 → V be the blow-up of B0, E1 the exeptional
divisor. As it is mentioned above, E1 is isomorphi to a quadri one
in P3. The divisor G1V is tangent to E1 along the generator v. Remark
that s1 intersets E1 outside of the vertex of the one.
Finally, there exists a flop ε : V1 99K U2 entered at s
1
. We observe
that the flop ε−1 is entered at r21. The birational map ε maps E1 onto
L21, v onto v
+
, and G1V onto L2.
It is worth to give an expliite equation for V in a neighborhood of
the point B0. As in setion 3, we assume that U is defined by the
equation
w2 + z3 + zf4(x, y) + x+ f6(x, y) = 0
in a neighborhood of the point P0 = (0, 0, 0, 0), the polynomials fi
satisfy the same onditions as before. The blow-up ϕ is given by x = ty,
FANO VARIETY OF INDEX 2 AND DEGREE 1 21
L
r
L
v
v
s
E
s
B0 1
1
1
2
+
lP
l
U
2
1
γ
γ
ψ
1
1
2U
U
V
V
1
1
2
ε
P
1r 1
1
0
L
G
F
G V
V
1
1
2
0
Figure 3.
so we have for V
w2 + z3 + zf4(ty, y) + ty + f6(ty, y) = 0.
We observe that B0 = (0, 0, 0, 0), GV = {y = 0}, the fiber F0 = {t =
0}, and s = {w = z = y = 0}.
We assume thatDV = D ⊂ |n(−KV +mF )|. Denote byDU the strit
transform of DV on U , by DU1 the strit transform on U1, and so on.
Suppose that DU ⊂ |aH|, and let µ = multlDU and ν∗ = multP0 DU .
It is easy to ompute that
a = 2n+m,
µ = n+m,
ν∗ = ν1 + µ = ν1 + n +m.
There are the following possibilities:
A. e1 = v and B1 = s
1 ∩ E1 (see figures 2 and 3);
B. e1 = v and B1 6∈ s1;
C. B1 ∈ E1 \G1V (that is, e1 6= v).
We deal with them separately.
The ase A: e1 = v and B1 = s
1 ∩ E1. The divisor GV is ut
out by the hypersurfae {y = 0}. In the loal oordinates [w, z, t] the
equation {w2 + z3 = 0} defines GV . Aording to the onstrution of
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V via double overing, we see that GV is a double over of a quadri
G ∼= P1×P1 with the ramifiation divisor 3p+p′, where p and p′ have the
lass (1, 0) on G and p 6= p′. The quadri G has the loal oordinates
[z, t]. We assume that p is defined by the equation p = {z = 0}.
Remark that s lies over p. Consider a urve C˜ ⊂ G of the lass (1, 2)
defined by the equation {z = at2} for some a 6= 0. Let C be the
pre-image of C˜ on GV . Thus, C is loally defined by the equations
{y = w2+ a3t6 = 0}. Using the equation for V , it is easy to hek that
C1 has a double point at the point s1 ∩ E1, and C2 also has a double
point at s2 ∩E2 (see figure 2 and note that e1 = v and B1 = s1 ∩E1 in
the onsidered ase). Taking into aount that C has the lass 2s+2f
on V , for a general D ∈ DV we obtain
D2 ◦ C2 = 4n+ 2m− 2ν1 − 2ν2 ≥ 0,
hene ν1 + ν2 ≤ 2n +m. Sine ν3 ≤ 2n, we get a ontradition with
the super-maximal ondition:
4n+m ≥ ν1 + ν2 + ν3 > 4n +m.
The ase B: e1 = v and B1 6∈ s1. For the urves v and v+, we define
η = multvDV1 = multv+ DU2 .
Sine B1 6∈ s
1
, the flop ε : V1 99K U2 is a loal isomorphism in a
neighborhood of B1, and we denote the image of B1 on U2 by B1 to
avoid ompliating the notation. Thus, the piture of the blow-up of
B1 given by figure 2 an be transfered to U2.
It is easy to ompute that Nv+|U2 ≃ O ⊕ O(−1). We blow up the
point B1 and then the strit transform of v
+
, and denote by ϕ′ : U ′ →
U2 the omposition of these blow-ups. Let E
′
be the exeptional divisor
that orresponds to the blow-up of the strit transform of v+. We see
that E ′ ∼= F1, and denote by s′ and f ′ the minimal setion and a fiber
of E ′. We have
DU ′|E′ ⊂ |ηs
′ + (2η + µ− ν2)f
′|.
Moreover, the strit transform of L2 on U
′
ut out the minimal setion
s′. Thus, omparing the situation with figure 2, we see that the strit
transform of the urve B2 intersets E
′
at a point lying outside of the
minimal setion. Consequently, DU ′|E′ has the multipliity not less
than ν3 at this point. We obtain
2η + µ− ν2 ≥ ν3,
or 2η + µ ≥ ν2 + ν3. Sine ν1 ≤ n and ν1 + ν2 + ν3 > 4n +m, we get
ν2 + ν3 > 3n + m. Taking into aount that µ = n + m, we obtain
2η > 2n, that is, η > n.
Hene the linear system DV1 has the multipliity η > n along one of
the generators of the one E1 (this generator is v in our ase), whih
yields E1 ⊂ BasDV1 beause ν1 ≤ n. Thus we get a ontradition.
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The ase C: B1 6∈ E1\G1V . In this ase we have e1 6= v. Consequently,
V1 and U1 are isomorphi in a neighborhood of the point B1. To avoid
ompliating the notation, by B1 and e1 we denote the image of B1
and the strit transform of e1 on U1 respetively. Note that e1 beomes
the line in L1 that passes through B1 and P1, and e1 6= r1. We set
η = multe1 DU1 and ν˜ = multP1 DU1.
It is easy to ompute that Ne1|U1 ≃ O(−1) ⊕ O(1). On U1, let us
first blow up the points B1 and P1 and then the strit transform of e1.
We denote by U ′ → U1 the omposition of these blow-ups, by E
′
the
exeptional divisor lying over e1, and by s
′
and f ′ the minimal setion
and a fiber of E ′.
We see that E ′ ∼= F2, the strit transform of L1 uts out the minimal
setion s′ on E ′. The strit transforms of the urves l1 and B2 interset
E ′ at two points that lie outside of the minimal setion and does not
lie in the same fiber. Thus at these points DU ′|E′ has the multipliities
not less than µ and ν3 respetively. Taking into aount that
DU1|E′ ⊂ |ηs
′ + (3η + ν∗ − ν˜ − ν2)|,
where ν∗ = ν1 + n+m = multP0 DU , we obtain
3η + ν∗ − ν˜ − ν2 ≥ µ+ ν3.
But ν˜ ≥ µ, ν2 + ν3 > 3n+m, and µ = n+m, thus we get η > m. We
get the ontradition exatly as in the ase B.
So, the following proposition is proved:
Proposition 6.1. Linear systems on V have no super-maximal sin-
gularities over the singular point of V .
7. Conlusion.
We are ready to finish proving theorem 1.1. Let ρ′ : V ′ → S ′ be a
Mori fibration, χ : U 99K V ′ a birational map. Consider the omplete
linear system D′ = |n′(−KV ′) + ρ′∗(L′)| on V ′. We assume that D′ is
very ample and L′ ∈ Pic(S ′) is an ample divisor.
Denote byD the strit transform ofD′ on U . Suppose thatD ⊂ |aH|.
It follows from proposition 4.1 that either KV +
2
a
D is anonial, and
then χ is an isomorphism by [1℄, theorem 4.2, or D has a maximal
singularity over a urve l ∈ P. In the latter ase, let µ = multlD and
ϕ : V = Ul → U the blow up of l. We have
DV = ϕ
−1
∗ D ⊂ |(a− µ)(−KV ) + (2µ− a)F |.
Observe that 2µ − a > 0. Propositions 5.1 and 6.1 together with the
results of [3℄, setion 2.2, show that DV has no maximal singularities
over urves or super-maximal singularities over points. Thus a−µ = n′,
and from [1℄, theorem 4.2, it follows that the omposition χ◦ϕ : V 99K
V ′ is birational over the base. Theorem 1.1 is proved.
24 MIKHAIL GRINENKO
Remark that theorem 1.1 ompletes studying the birational lassifi-
ation problem for non-singular Mori fibrations in del Pezzo surfaes
of degree 1. Indeed, theorem 2.6 together with orollary 2.10 in [3℄,
proposition 2.12 in [3℄, and theorem 1.1 of the present paper exhaust
all possible sets of Mori strutures MS for varieties of the indiated
type. It only remains to reall that MS is a birational invariant that
uniquely defines the birational lass.
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